Abstract. -Monte Carlo simulations for a large family of discretized Boolean models exhibit complex dependencies of the percolation threshold not only on shape and correlations but also on the polydispersity of the constituents (pores). A pronounced peak of the critical volume fraction as a function of the density fraction is found for large-size ratios of the pores. Such an increase of more than 10% even for small changes in composition of less than 1% is important in material science, where the accurate prediction of percolation thresholds for arbitrary shaped pores plays a fundamental role. A topological percolation criterion works well for dependence on shape and correlation. But none of the known explicit estimates for percolation thresholds is in reasonable quantitative agreement with the numerical data for polydisperse systems presented here.
Since the introduction of the "percolation processes" by Flory [1] and later by Broadbent and Hammersley in order to describe a fluid in a porous media [2] , percolation models became important for the understanding of many physical properties. Most of the effort focused on the critical exponents of the percolation transition which show a universal behavior and can therefore be described by the simplest model exhibiting a percolation threshold. But in designing composite materials it is more important to understand the non-universal behavior of transport quantities such as electrical and thermal conductivity, diffusion constants or elastic moduli. These non-universal features include the location of the critical threshold and also the dependence of physical quantities on the spatial details of the component phases away from the critical region. In particular, the prediction of the percolation threshold as a function of volume fraction, shape, orientation, and correlations of the component phases remains a key problem in studying random multiphase structures [3, 4] . Although many physical systems modelled by percolation are polydisperse, most studies have considered percolation of equal-sized constituents. Although lattice models are conceptually simpler, the effect of polydispersity has been considered solely in continuum percolation, i.e., for discs and spheres having a distribution of radii. In contrast to first conjectures that the average fractional volume covered at the percolation threshold might be constant [5] , it has been recently established rigorously that the critical volume fraction increases if the ratio of size of the constituents is very large [6] . Monte Carlo simulations presented so far only illustrate that percolation thresholds for discs of two different sizes depend on the ratio of the discs [7, 8] but no systematic study of the effect has been made yet. In a recent numerical simulation of continuum percolation of polydisperse spheres in three dimensions the thresholds could not be distinguished within their limits of accuracy [9] . Here, we propose a whole family of lattice models which are computational efficient but nevertheless allow a systematic study of the influence of polydispersity on percolation thresholds. The advantage of lattice models presented for the first time in ref. [10] is the possibility of high-precision simulations, so that accurate data can be obtained. We find a strong dependence of the threshold on the distribution of the size of the constituents which is the more pronounced the larger the size ratio is [10] . This effect is almost always overlooked in percolation studies where polydispersity plays a role [5, 9, 11] although it might have important consequences for the interpretation of real data in physical systems.
Already at the very beginning of percolation studies various criteria for the onset of percolation have been developed. An explicit heuristic estimate of the threshold which does not require any simulations or extensive calculations would be important for many practical purposes. In 1970, Scher and Zallen [12] proposed that the critical fractional occupied volume v c (i.e., area in two dimensions) is almost constant in many percolation models, and in 1984 Balberg [13, 14] presented the numerical limits 0.551 < v c < 0.675 and 0.084 < v c < 0.295 for two-and three-dimensional continuum percolation, respectively. These limits can be rewritten in terms of the so called "excluded volume" density B c defined by v c = 1 − e
−Bc2
−d for spheres in d dimensions yielding 3.2 < B c < 4.5 for d = 2 and 0.7 < B c < 2.8 for d = 3. It has been argued [13] that the average number B c of connected neighbours of a grain is an approximate dimensional invariant at the critical percolation threshold and, therefore, may be used as an estimate. Although for a number of systems this excluded-volume argument provides a first insight of the threshold dependence on size, shape and orientation of the grains in an ensemble, it is far from being satisfactory and fails completely for polydisperse systems, in particular, as we will show below.
Another approach applies topological arguments based on the observation that the Euler characteristic χ of configurations vanishes near the percolation threshold [15] . In two dimensions χ (2) = # C − # H counts the number of connected components # C minus the number of # H of connected holes, whereas in three dimensions χ (3) = # C − # T + # H one has to distinguish between torus-like holes # T (handles) and cavities # H . Thus, the Euler characteristic is a measure of the topological connectivity of a spatial structure and it was argued that the zero χ(v 0 ) = 0 may provide a good estimation of the percolating critical volume v c and the critical number B c of neighbours based on the balance of connected components and holes [10, 15] . Here, we find good agreement of this topological estimate with our numerical data presented below for the dependence of the threshold on shape and orientation.
In order to provide accurate data for percolation thresholds, we study a whole family of lattice models introducing constitutional grains and parameters for size, shape, orientation, and polydispersity of the constituents (see ref. [10] ). For convenience, we consider polyhedrons, i.e. d-dimensional rectangles of edge lengths λ ν (ν = 1, . . . , d). A similar model was recently introduced to study percolation of hard needles [16] . In principle, any continuous percolating structure in the Euclidean space R d can actually be considered as a lattice configuration since it is discretized by applying a mesh of finite lattice spacing a, which is done automatically by any digital recording. 
Let us consider a
K ( ) (3) S ( ) (2) λ = 3 λ = 5 λ = 5 λ = 3 λ = 4 λ K ( ) (2) λ λ λ Fig. 1 -Constitutional grains of the percolation models. In two dimensions two types are considered in order to study the dependence on size and shape: squares K (2) (λ) of size λ and sticks S (2) (λ) of length λ. On a three-dimensional lattice one has three possible shapes: cubes K (3) (λ) (isotropic), plaquettes P (3) (λ) (oblate), and sticks S (3) (λ) (prolate) of size λ.
edge length λ (see fig. 1 ) is defined as the union of λ
i (1) of unit size. Such constitutional grains can now be used to define a percolation model where grains K (2) i (λ) of size λ are placed with probability p at each lattice site x
2 ) where the position of a grain may be given by the position of the unit cell K (2) i (1) located at the left top corner of K (2) i (λ). Since overlaps of the placed grains are allowed, the union ∪ i K (2) i (λ) yields a coverage of the lattice. The existence of an infinite cluster of connected, i.e., overlapping grains is the criterion for percolation. Notice: an occupied d-dimensional unit cell K i . Here, we consider only three different types of ensembles, i.e. percolation models on the two-and three-dimensional lattice (see fig. 1 ), namely random distributions of A) squares K (2) (λ) and cubes K (3) (λ) with edge length λ = 1, 2, . . .;
i (1) (prolate unions of neighboured cells) on the d-dimensional lattice where one edge length is choosen to be λ. Additionally, on the three-dimensional lattice we consider also oblate grains (plaquettes) P (3) (λ), where two edge lengths are λ; C) mixture of squares (cubes)
.e. two grains with different edge lengths λ 1 and λ 2 .
The purpose of these different ensembles is a systematic study of the dependence of the percolation threshold on the spatial resolution, i.e. size λ, shape and orientation of the grains parameterized by the length of the sticks, and the polydispersity λ 1 /λ 2 of the grain sizes. The advantage is that the ensembles are based on the same type of model, i.e., on the definition of a whole family of percolation models which allow a detailed comparision. The definition combines the computational efficiency of lattice models with the variability of continuum percolation. The constitutional grains introduce a special type of non-thermal correlations between occupied sites so that this family of percolation models can be considered from a more familiar point of view as ordinary correlated site percolation on hypercubic lattices.
For the determination of the percolation thresholds we use finite-size scaling techniques, i.e., we measure the pseudocritical threshold p c (L) for different lattice sizes and extrapolate according to the known critical scaling laws in order to obtain an estimate p c (∞) for an infinite system. In two dimensions we used the lattice sizes L = 10 · · · 1000 and in three dimensions L = 10 · · · 200. For each size we averaged p c (L) over 2000 realized measurements. In order to determine whether the system percolates or not, we identified the largest cluster of the system by the Hoshen-Kopelman method [17] and checked if it spans over the whole system. In two dimensions it is sufficient to prove the connection of two specific opposite sides of the lattice of size L. In three dimensions we looked for the connection of four specific opposite sides. If the (13) .021238 (2) .045847(2) 3 0.09580(2) 0.10880 (2) 0.009854 (6) .007632 (5) .023919 (9) 4 0.05665(3) 0.07362(2) 0.004217 (3) .003665 (3) .014478 (7) 5 0.03745(2) 0.05341(1) 0.002185 (4) .002058 (5) .009613 (8) 6 0.02663(1) 0.04063(2) 0.001289 (2) .001278 (5) .006807 (2) system percolates (or not) we increase (or decrease) p by ∆p/2 and stop the iteration after 15 steps. Here ∆p denotes the interval between values of p such that the system percolates (does not percolate) at the bigger (smaller) value. This procedure yields pseudocritical percolation thresholds p c (L) which can be fitted by the usual finite-size scaling ansatz p c (L) = p c (∞)+aL b . The goodness of this procedure can be tested by comparision with the well-known thresholds of site percolation p c = 0.5927460(5) for d = 2 and p c = 0.311605(10) for d = 3 determined by Ziff [18] . We obtain with the described procedure for the corresponding case λ = 1 the values p c = 0.59278(4) for d = 2 and p c = 0.31162 (8) 
We now discuss the results for the three types of percolation models separately in order to illustrate the dependence on size (A), orientation (B), and polydispersity (C). fig. 2 . The mean number of connected neighbours B c = p c (V ex − 1) at the percolation threshold is given by the excluded volume V ex (K (2) (λ)) = (2λ + 1) 2 − 4 for squares and V ex (K (3) (λ)) = (2λ + 1) 3 − 24λ + 4 for cubes. On lattices the excluded volume V ex (K) equals the number of sites in the neighborhood of a grain K on which another grain K has to be centered in order to obtain a connected cluster K ∪ K . As one can see in fig. 3 the estimate that B c is constant at p c is almost fulfilled except for λ = 1, 2, where the lattice structure is important. B) Distributions of sticks S (d) (λ) (d = 2, 3) and plaquettes P (3) (λ) reveal a strong dependence of the percolation threshold on the shape of the grains. On a d-dimensional lattice sticks S (d) (λ) of edge lengths λ (see fig. 1 ) are placed with probability p at each lattice site x i and in each orientation of the stick. Thus, the probability that at least one stick is placed at a site is given byp = 1 − (1 − p) d . A simple scaling argument implies p c λ 2 = const for the threshold p c because two sticks have to be in the same two-dimensional subspace in Table II -Threshold values 10 his approximate formula for the critical volume fraction to lattice configurations we found no similarity to our data, in particular no predicted peak for r ≈ 1. The criterion based on the excluded volume is not better. In fig. 3 the values B c =p(
)) indicate a large systematic decrease of B c over the whole range of r. This may be explained naturally by a decreasing number of small grains which are necessary to connect large grains. The percolating cluster is connected by "bridges" of small squares between "blobs" of large squares. Assuming a constant critical volume v c , one finds B c (r) given by the dot-dashed lines in fig. 3 which are in good agreement with the numerical data. Since B c is not sensitive to the details of v c , it remains to explain the dependence of v c on r, i.e., to find an estimate for the percolation threshold data shown in fig. 2 . The criterion based on the zero v 0 of the Euler characteristic exhibits such a peak but the values are outside the shown window range in fig. 2 and obviously not useful for estimating the value v c at the percolation threshold. The reason for the overestimation of v c are many small isolated clusters which increase the Euler characteristic considerably without contributing to the connectivity of the largest cluster, i.e., to percolation.
Thus, the pronounced peak of the critical volume fraction v c for large-size ratios and also the systematic dependence on the shape (anisotropic correlations) of the grains as shown in figs. 2 and 3 demonstrate that none of the existing criteria for percolation thresholds can estimate to reasonable accuracy the existing numerical data [10] . There is still a need for an explicit formula for an approximated percolation thresholds which would be important for many applications in physics.
